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THUE’S FUNDAMENTALTHEOREM, II: FURTHER
REFINEMENTS AND EXAMPLES
PAUL M. VOUTIER
Abstract. In this paper, we sharpen and simplify our earlier re-
sults based on Thue’s Fundamentaltheorem and use it to obtain
effective irrationality measures for certain roots of particular poly-
nomials of the form (x−√t)n+(x+√t)n, where n ≥ 4 is a positive
integer and t is a negative integer. For n = 4 and n = 5, we find
infinitely many such algebraic numbers.
1. Introduction
In earlier papers [1, 2, 4, 6], several authors have used Thue’s Funda-
mentaltheorem to completely solve several families of Thue equations
and inequalities. In [8, 9], we simplified the statement of Thue’s Fun-
damentaltheorem and investigated the conditions under which it yields
effective irrationality measures for algebraic numbers.
In those papers, we attempted to simplify our statements by restrict-
ing d defined there to be a rational integer. However, this results in the
need for the quantities g4 and g5 in the definition of g when the base
field is Q (see Corollary 3.7 of [9]). Furthermore, the results are some-
times weaker than they need to be. By allowing d to be the square root
of rational integer, we can both simplify and strengthen our previous
results.
We use this new result to consider new examples as well. In partic-
ular, roots of the polynomial
Fn,t(x) =
(
x−√t
)n
+
(
x+
√
t
)n
where n ≥ 4 is a positive integer and t is a negative integer.
One can find such examples for many different choices of η in The-
orem 1 below. Typically, we find that for fixed η, there are infinitely
many such examples with n ≤ 6 and sometimes some additional ones
for larger n too. The choice of η here (essentially
√
t) is unusual since
for n = 6, there are no such examples.
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2. Results
For positive integers m and n with 0 < m < n, (m,n) = 1 and a
non-negative integer r, we put
Xm,n,r(x) = 2F1(−r,−r −m/n; 1−m/n; x),
where 2F1 denotes the classical hypergeometric function.
We letDn,r denote the smallest positive integer such thatDn,rXm,n,r(x) ∈
Z[x] for all m as above. For d ∈ Z, we define Nd,n,r to be the largest
integer such that (Dn,r/Nd,n,r)Xm,n,r
(
1−√d x
)
∈ Z
[√
d
]
[x], again
for all m as above. We will use vp(x) to denote the largest power of a
prime p which divides into the rational number x. We put
(1) Nd,n =
∏
p|n
pmin(vp(d)/2,vp(n)+1/(p−1)),
and choose Cn and Dn such that
(2)
max
(
1,
Γ(1−m/n) r!
Γ(r + 1−m/n) ,
nΓ(r + 1 +m/n)
mΓ(m/n)r!
)
Dn,r
Nd,n,r
< Cn
( Dn
Nd,n
)r
holds for all non-negative integers r, where Γ(x) is the Gamma function.
One could choose d,Nd,n,r ∈ OK such that (Dn,r/Nd,n,r)Xm,n,r (1− dx) ∈
OK[x], with appropriate definitions of K and Nd,n. However, our defi-
nition above avoids the required complications and is sufficient for all
our applications here.
Theorem 1. Let m and n be as above, t, u1 and u2 be rational integers
with t not a perfect square. Suppose that β and γ are algebraic integers
in Q
(√
t
)
, with σ, the non-trivial element of Gal
(
Q
(√
t
)
/Q
)
. Put
η =
(
u1 + u2
√
t
)
/2,
α =
β(η/σ(η))m/n ± σ(β)
γ(η/σ(η))m/n ± σ(γ) ,
g1 = gcd (u1, u2) ,
g2 = gcd (u1/g1, t) ,
g3 =


1 if t ≡ 1 mod 4 and (u1 − u2) /g1 ≡ 0 mod 2,
2 if t ≡ 3 mod 4 and (u1 − u2) /g1 ≡ 0 mod 2,
4 otherwise,
g = g1
√
g2/g3,
d = (η − σ(η))2 /g2 = u22t/g2,
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E =
|g|Nd,n
Dnmin
(∣∣∣u1 ±√u21 − u22t∣∣∣) ,
Q =
Dnmax
(∣∣∣u1 ±√u21 − u22t∣∣∣)
|g|Nd,n ,
κ =
logQ
logE
and
c = 4
√
|2t| (|γ|+ |σ(γ)|) CnQ
×
(
max
(
E, 5
√
|2t| ∣∣1− (η/σ(η))m/n∣∣ |β − αγ|CnE))κ ,
where the operation in the numerator of the definition of α matches the
operation in its denominator.
If E > 1 and either (i) 0 < η/σ(η) < 1 or (ii) |η/σ(η)| = 1 with
η/σ(η) 6= −1, then
|α− p/q| > 1
c|q|κ+1
for all rational integers p and q with q 6= 0.
When t is a perfect square, we have Corollary 2.6 in [8]. Here too
we can improve our choice of d yielding the following theorem.
Theorem 2. Let K be an imaginary quadratic field and m,n as above.
Let a and b be algebraic integers in K with the ideal (a, b) = OK and
either a/b > 1 a rational number or |a/b| = 1 with a/b 6= −1. Let Cn,
Dn and Nd,n be as above with d = (a− b)2. Put
E =
Nd,n
Dn
{
min
(∣∣∣√a−√b∣∣∣ , ∣∣∣√a+√b∣∣∣)}−2 ,
Q =
Dn
Nd,n
{
max
(∣∣∣√a−√b∣∣∣ , ∣∣∣√a+√b∣∣∣)}2 ,
κ =
logQ
logE
and
c = 4|a|CnQ
(
2.5
∣∣∣∣a(a− b)b
∣∣∣∣ CnE
)κ
.
If E > 1, then ∣∣(a/b)m/n − p/q∣∣ > 1
c|q|κ+1
for all algebraic integers p and q in K with q 6= 0.
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In fact, in Theorem 3.2 and Theorem 3.5 of [9] we can take d =
(σ(η)− η) /g and use the above definition of Nd,n. In this way, the pa-
rameter h that appears in both these theorems can also be eliminated.
2.1. New Irrationality Measures.
Theorem 3. Let k = 1 or 3. For a positive integer b ≥ 6, write
[b tan2(kπ/8)] = a1a
2
2, where a1 is squarefree. Suppose that gcd (a1a
2
2, b) =
1 and
a1a
2
2 = b tan
2(kπ/8) + ǫ,
where −0.5 < ǫ < 0.5. Let
N =


1 if a1a2b is even,
4 if a1a2b is odd and a1 ≡ b mod 4,
8 if a1a2b is odd and a1 6≡ b mod 4,
κ =


log (14.76b2/N )
log (N /(63.55ǫ2)) for k = 1,
log (468.3b2/N )
log (N /(1.705ǫ2)) for k = 3
and
c = (b/5)
(
3 · 1011b3)κ+1 .
If the denominator of κ is positive, then
(3)
∣∣∣∣√a1b tan
(
kπ
8
)
− p
q
∣∣∣∣ > c|q|κ+1
for all integers p and q with q 6= 0.
Note 1. If ǫ = o(b−1/3), then this irrationality measure is better than
the Liouville bound. For example, the convergents, a1a
2
2/b, in the
continued-fraction expansion of tan2(πk/8) lead to such an improve-
ment.
As in other applications of Thue’s Fundamentaltheorem (e.g., [1, 2,
4, 6]), where κ approaches 1 as a parameter like b grows, here as b in the
denominator of a continued-fraction convergent grows, κ approaches 1.
Theorem 4. Let k = 1 or 2. For a positive integer b ≥ 13, write
[b tan2(kπ/5)] = a1a
2
2, where a1 is squarefree. Suppose that gcd (a1a
2
2, b) =
1 and
a1a
2
2 = b tan
2(2kπ/5) + ǫ,
where −0.5 < ǫ < 0.5. With
N1 =


1 if gcd(5, a1a2) = 1,
5 if 5|a1,
55/4 if 5|a2,
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and
N2 =


1 if a1a2b is even,
4
√
2 if a1a2b is odd and a1 ≡ b mod 4,
32 if a1a2b is odd and a1 6≡ b mod 4,
let N = N1N2,
κ =


log
(
5640b5/2/N )
log (N /(8.44b1/2ǫ2)) for k = 1,
log
(
48.26b5/2/N )
log (N /(57.68b1/2ǫ2)) for k = 2
and
c = (b/4000)
(
8 · 1014b3)κ+1 .
If the denominator of κ is positive, then
(4)
∣∣∣∣√a1b tan
(
2kπ
5
)
− p
q
∣∣∣∣ > c|q|κ+1
for all integers p and q with q 6= 0.
Note 2. Here we require ǫ = o(b−2/3) to improve on the Liouville irra-
tionality measure. As above, all convergents, a1a
2
2/b, in the continued-
fraction expansion of tan2(2πk/5) lead to such an improvement.
However, unlike Theorem 3 and other applications of Thue’s Funda-
mentaltheorem, as b, in the denominator of a continued-fraction con-
vergent, grows, κ approaches 5/3.
Theorem 5. For all integers p and q with q 6= 0, we have
(5)
∣∣∣∣√19 tan
(
10π
7
)
− p
q
∣∣∣∣ > 0.09|q|−4.6,
(6)
∣∣∣∣√39 tan
(
8π
7
)
− p
q
∣∣∣∣ > 0.007|q|−3.28,
(7)
∣∣∣∣√77 tan
(
2π
7
)
− p
q
∣∣∣∣ > 0.003|q|−3.49
and
(8)
∣∣∣∣√7 tan
(
18π
13
)
− p
q
∣∣∣∣ > 0.02|q|−5.68.
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3. Preliminary Results
3.1. Roots of Fn,t(x). The following lemma describes the roots.
Lemma 1. Let t be a negative integer.
(i) If n is an odd positive integer, then the roots of Fn,t(x) are
√|t| tan(2kπ/n)
for k = 0, . . . , n− 1.
(ii) If n is an even positive integer, then the roots of Fn,t(x) are
√|t| tan((2k+
1)π/(2n)) for k = 0, . . . , n− 1.
Proof. Observe that(
cos(θ)√|t|
)n
Fn,t(
√
|t| tan(θ))
= (sin(θ)− i cos(θ))n + (sin(θ) + i cos(θ))n
= (cos(θ − π/2) + i sin(θ − π/2))n + (cos(π/2− θ) + i sin(π/2− θ))n
= cos(n(θ − π/2)) + i sin(n(θ − π/2)) + cos(n(π/2− θ)) + i sin(n(π/2− θ))
= 2 cos(n(π/2− θ)).
(i) Letting θ = 2kπ/n, we have
n(π/2− θ) = n(π/2− 2kπ/n) = nπ/2− 2kπ.
Since n is odd, 2 cos(nπ/2− 2kπ) = 0 and our result follows.
(ii) Here we let θ = (2k + 1)π/(2n) and we find that
n(π/2− θ) = n(π/2− (2k + 1)π/(2n)) = nπ/2− (2k + 1)π/2.
Since n is even and 2k+1 is odd, 2 cos(nπ/2− (2k+1)π/2) = 0. 
The next lemma identifies roots of Fn,t(x) with α’s in Theorem 1.
Lemma 2. Let m = 1, n as in Section 2, t be a negative integer and z
any integer. Put β =
√
t
(
z +
√
t
)
, γ = z +
√
t and η =
√
t
(
z −√t)n.
Using subtraction in both the numerator and denominator of the defi-
nition of α in Theorem 1, we have
α =


√|t| tan(π(n− ℓ)
2n
)
if n is even
√|t| tan(2π((n− ℓ)/4)
n
)
if n− ℓ ≡ 0 mod 4
√|t| tan(2π((3n− ℓ)/4)
n
)
otherwise.
where
(
z −√t) eℓπi/n/ (z +√t) is the principal branch of (η/σ (η))1/n.
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Proof. Substituting the values of β and γ, we have
α =
√
t
(
z +
√
t
) (− (z −√t)n / (z +√t)n)1/n + (z −√t)(
z +
√
t
) (− (z −√t)n / (z +√t)n)1/n − (z −√t)
=
√
t
(z −√t)eℓπi/n + (z −√t)
(z −√t)eℓπi/n − (z −√t)
=
√
t
eℓπi/n + 1
eℓπi/n − 1 =
√
|t| sin(ℓπ/n)
1− cos(ℓπ/n) =
√
|t| tan((n− ℓ)π/(2n)),
the last identity holds by a half-angle formula and symmetry about
π/2.
Since we are taking an n-th root of −1 in (η/σ (η))1/n, ℓ will be odd.
If n is even, then n− ℓ is odd and α is a root of Fn,t.
If n is odd, n − ℓ must be even. If n − ℓ ≡ 0 mod 4, then our
result follows. Otherwise, notice that tan((n− ℓ)π/(2n)) = tan((3n−
ℓ)π/(2n)) and 3n− ℓ ≡ 0 mod 4, completing our proof. 
3.2. Arithmetic Estimates.
Lemma 3. Let Cn and Dn be as defined in (2).
(a) For n = 4, we can take Cn = 4.9 · 106 and Dn = exp(1.6).
(b) For n = 5, we can take Cn = 8.8 · 109 and Dn = exp(1.37).
(c) For n = 7, we can take Cn = 3.8 · 1011 and Dn = exp(1.66).
(d) For n = 13, we can take Cn = 1.9 · 1013 and Dn = exp(2.21).
Proof. These are the C1,n values from Lemma 7.4(c) of [8] applied to
these values of n. 
Lemma 4. (a) With a1, b and N as in Theorem 3, g as in Theorem 1
and Nd,4 as in (1), |g|Nd,4 = 2Na21
√
a1b.
(b) With a1, b and N as in Theorem 4, g as in Theorem 1 and Nd,5 as
in (1), |g|Nd,5 = Na31
√
b.
Proof. (a) As we note in the proof of the Theorem 3, we use z = a1a2
and t = −a1b, so u1 = 8a31a2b (a1a22 − b) and u2 = 2a21 (a21a42 − 6a1a22b+ b2).
• Determination of g1
From the expressions for u1 and u2, we see that 2a
2
1|g1. If p > 2 is
a prime dividing g1/ (2a
2
1), then either p divides a1a2b or else a1a
2
2 ≡
b mod p. The former case is not possible since a1a2 and b are relatively
prime. In the latter case, p divides 4b2. But we have excluded p = 2
and p|b here. Hence g1/ (2a21) must be a power of two.
If one of a1a2 and b is even and the other odd, then u2/(2a
2
1) =
a21a
4
2 − 6a1a22b+ b2 is odd. Hence g1/(2a21) is odd.
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If a1a2b is odd and a1 ≡ b mod 4, then a21a42−6a1a22b+ b2 ≡ 4 mod 8.
Therefore, since 4|(u2/(2a21)), g1/(8a21) is an odd integer.
If a1a2b is odd and a1 6≡ b mod 4, then a21a42−6a1a22b+b2 ≡ 8 mod 16.
Also u2/(−8a21a2) = a1a22−b ≡ 2 mod 4, so g1/(16a21) is an odd integer.
• Determination of g2
Since 2a21|g1, we also have gcd (u1/g1, t) | gcd (4a1a2b (a1a22 − b) , a1b).
Considering the cases examined for g1, we find that g2 = a1b.
• Determination of g3
Observe that
u1 − u2
2a21
= −a21a42 + 6a1a22b− b2 + 4a2
(
a1a
2
2 − b
)
If one of a1a2 and b is even and the other is odd, then (u1 − u2)/g1
is odd and so g3 = 4.
If a1a2b is odd and a1 ≡ b mod 4, we saw above that (a21a42 − 6a1a22b+ b2) /4
is odd. But a1a
2
2− b is even. Therefore (u1 − u2) /g1 is odd and g3 = 4.
If a1a2b is odd and a1 6≡ b mod 4, then a21a42−6a1a22b+b2 ≡ 8 mod 16.
Also a1a
2
2 − b ≡ 2 mod 4, so here (u1 − u2)/g1 is even. Furthermore,
t = −a1b ≡ 1 mod 4. Thus g3 = 1.
• Determination of Nd,4
We have
d =
u22t
g2
=
g3 (a
2
1a
4
2 − 6a1a22b+ b2)2
g21/ (4a
4
1)
.
To determine Nd,4 we need only consider the powers of 2 dividing d.
If one of a1a2 and b is even and the other is odd, then a
2
1a
4
2−6a1a22b+b2
and g1/(2a
2
1) are odd and g3 = 4. Hence 2
2 ‖ d.
If a1a2b is odd and a1 ≡ b mod 4, then (a21a42 − 6a1a22b+ b2) /4 and
g1/(8a
2
1) are odd and g3 = 4. Hence 2
2 ‖ d.
If a1a2b is odd and a1 6≡ b mod 4, then a21a42−6a1a22b+b2 ≡ 8 mod 16.
Since g1/(16a
2
1) is also odd, (a
2
1a
4
2 − 6a1a22b+ b2) / (g1/(2a21)) is odd as
well. Since g3 = 1, we have 2
0 ‖ d.
Combining these observations, we have shown the following.
If one of a1a2 and b is odd and the other is even, then |g|Nd,4 =
2a21
√
a1b.
If a1a2b is odd with a1 ≡ b mod 4, then |g|Nd,4 = 8a21
√
a1b.
If a1a2b is odd with a1 6≡ b mod 4, then |g|Nd,4 = 16a21
√
a1b.
(b) The arguments to determine g1, g2 and g3 are identical to those
for part (a), so we only state the values of these quantities and N2 here.
If one of a1a2 and b is odd and the other is even, then g1 = 2a
3
1,
g2 = b and g3 = 4. So |g| = a31
√
b and we can take N2 = 1.
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If a1a2b is odd with a1 ≡ b mod 4, then g1 = 8a31, g2 = b and g3 = 2.
So |g| = 4a31
√
2b and we can take N2 ≥ 4
√
2.
If a1a2b is odd with a1 6≡ b mod 4, then g1 = 32a31, g2 = b and g3 = 1.
So |g| = 32a31
√
b and we can take N2 ≥ 32.
• Determination of Nd,5
We have
d =
u21t
g2
=
√−g3a1a2 (a21a42 − 10a1a22b+ 5b2)
g1/(2a
2
1)
.
To determine Nd,5 we are only interested the powers of 5 dividing d.
If 5 ∤ a1a2, then 5 ∤ d and Nd,5 = 1.
If 5|a2, then 25| (a2 (a21a42 − 10a1a22b+ 5b2)), and as we saw above
5 ∤ (g1/(2a
2
1)), so we can take Nd,5 = 55/4.
If 5|a1 and 5 ∤ a2, then 5|| (a2 (a21a42 − 10a1a22b+ 5b2)) and soNd,5 = 5.
This argument justifies our choice of N1 in Theorem 4. Combined
with our results above about N2, our lemma follows. 
3.3. Analytic Estimates.
Lemma 5. (a) For any real z with −0.516 < z < 1,
1 + z/2− z2/8 + z3/16− z4/16 ≤ √1 + z ≤ 1 + z/2− z2/8 + z3/16.
(b) For any real z with 0 ≤ z ≤ 0.62,
arccos(1− z) ≤ 1.5√z.
Proof. (a) Using Maple, we find that(
1 + z/2 − z2/8 + z3/16− z4/16)2−(1 + z) = −3z4
64
−5z
5
64
+
5z6
256
− z
7
128
+
z8
256
.
The polynomial on the right-hand side has z = 0, z = −0.5161 . . .
and z = 3 as its only real roots. This polynomial equals −7/64 at
z = 1 and −7/65536 at z = −1/2. Therefore, it is at most zero for
−0.516 < z < 3 and the desired lower bound holds in this range.
A similar argument with(
1 + z/2 − z2/8 + z3/16)2 − (1 + z) = z4
64
− z
5
64
+
z6
256
,
shows that the polynomial on the right-hand side is non-negative for
all real z and the desired upper bound holds in this range.
(b) (d/dz) arccos(1−z) = (2z − z2)−1/2, while (d/dz)1.5√z = 0.75z−1/2.
For 0 < z < 1, both of these derivatives are positive and decreasing.
The first one is less than the second one for 0 < z < 2/9, while the op-
posite is true for 2/9 < z < 1. We find that arccos(1−0.62) = 1.1810 . . .
and 1.5
√
0.62 = 1.1811 . . .. Thus the upper bound holds. 
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4. Proof of Theorems 1 and 2
The arguments regarding g1, g2 and g3 in Section 11 of [8] continue to
apply here. So Theorems 1 and 2 follow immediately from the following
refinement of Lemma 7.4 of [8].
Lemma 6. Suppose that d, n and r are non-negative integers with
d, n ≥ 1. With d1 = gcd (d, n2) and d2 = gcd (d/d1, n2), we have
d⌊r/2⌋1 ∏
p|d2
pmin(⌊rvp(d2)/2⌋,vp(r!))

 |Nd,n,r.
Proof. This is a more general version of Proposition 5.1 of [3] and we
follow the method of proof there. Using the reasoning there, we find
that
Xm,n,r
(
1−
√
d x
)
=
r∑
i=0
(
r−i∏
k=1
1
kn−m
)
r!nr−id
i/2
1 d
i/2
2 d
i/2
3
i!
(
2r − i
r
)
(−x)i,
where d3 = d/ (d1d2). Since (kn − m,n) = 1 for any integer k, it is
clear that d
⌊r/2⌋
1 is a divisor of the numerator of Xm,n,r
(
1−√d x
)
.
Now suppose that d2 > 1 and let p be an odd prime divisor of d2.
Then p⌊i/2⌋/pvp(i!) is an integer, since vp(i!) ≤ i/(p−1) ≤ i/2. Hence we
can remove a factor of pvp(r!) from r!. If 4|d2, then the same argument
holds for p = 2, while if 2 ‖ d2, then we can remove a factor of p⌊r/2⌋.
So in all cases, we can remove a factor of pmin(⌊rvp(d2)/2⌋,vp(r!)). Doing so
for each prime divisor of d2 completes the proof. 
5. Proof of Theorem 3
We apply Theorem 1 with n = 4, t = −a1b, z = a1a2, β =√
t
(
z +
√
t
)
, γ = z +
√
t and η =
√
t
(
z −√t)n.
5.1. Choice of z. We check here that the above value of z gives the
algebraic numbers we require. To do so, we find a sector containing(
z −√t) / (z +√t), then use this to determine the principal branch of
(η/σ(η))1/n and hence ℓ in Lemma 2.
We have
z −√t
z +
√
t
=
z2 + t− 2z√t
z2 − t =
a1a
2
2 − b− 2a2
√−a1b
a1a
2
2 + b
.
We can write a1a
2
2 − b = b (tan2(πk/8)− 1) + ǫ and a1a22 + b =
b sec2(πk/8) + ǫ, where −0.5 < ǫ < 0.5. So, with b ≥ 6, for k = 1, we
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have−0.838 < ℜ ((z −√t) / (z +√t)) < −0.593. Since ℑ ((z −√t) / (z +√t)) =
−2a2
√
a1b/(a1a
2
2 + b) < 0,
(9) − 2.565 < arg
(
z −√t
z +
√
t
)
< −2.2.
Similarly, for k = 3,
(10) − 0.8 < arg
(
z −√t
z +
√
t
)
< −0.77.
Next we bound the argument of (η/σ(η))1/4.
The real part of η/σ(η) can be written as
1− 2 (a
2
1a
4
2 − 6a1a22b+ b2)2
(a1a22 + b)
4 = 1−
2
(
(a1a
2
2 − 3b)2 − 8b2
)2
(a1a22 + b)
4 ,
so we will show that this number, and hence η/σ(η) itself, is near 1.
Since tan4(πk/8)−6 tan2(πk/8)+1 = 0 and a1a22−3b = b (tan2(πk/8)− 3)+
ǫ, we have (
a1a
2
2 − 3b
)2 − 8b2 = 2bǫ (tan2(πk/8)− 3)+ ǫ2.
So, for k = 1, 3 and b ≥ 6,∣∣2bǫ (tan2(πk/8)− 3)+ ǫ2∣∣ < 5.75b|ǫ|.
Furthermore, for b ≥ 6,
1.088b < b sec2(πk/8)− 0.5 < b sec2(πk/8) + ǫ = a1a22 + b.
From the above expression for ℜ (η/σ(η)) − 1 and these last two
inequalities, we find that
|ℜ (η/σ(η))− 1| < 48ǫ
2
b2
for b ≥ 6. From Lemma 5(b), we have
| arg (η/σ(η))1/4)| < 10.4|ǫ|/(4b) < 0.22.
The interval (−2.565+3π/4,−2.2+3π/4) is contained in the interval
(−0.22, 0.22) while the interval (−2.565 + π/4,−2.2 + π/4) does not
intersect (−0.22, 0.22). So from (9) and Lemma 2 with ℓ = 3, for k = 1,
we find that α =
√|t| tan(π/8).
Considering (10) rather than (9), α =
√|t| tan(3π/8) holds for k = 3.
We also note here that from the above, for b ≥ 6, we obtain
(11)
∣∣∣(η/σ(η))1/4 − 1∣∣∣ < 2.6|ǫ|
b
.
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5.2. Application of Theorem 1. Since u21−u22t = 4 |η|2 = 4a51b (a1a22 + b)4 ,
and u1 = 8a
3
1a2b (a1a
2
2 − b), it follows that
u1 ±
√
u21 − u22t
2a21
√
a1b
= 4
√
a1b a2
(
a1a
2
2 − b
)± (a1a22 + b)2 .
With −0.5 < ǫ < 0.5, we have
(
a1a
2
2 + b
)2
= b2 sec4(πk/8) + 2bǫ sec2(πk/8) + ǫ2,(12)
a1a
2
2b = b
2 tan2(πk/8) + bǫ = b2 tan2(πk/8)
(
1 +
ǫ
b tan2(πk/8)
)
,
a1a
2
2 − b = b
(
tan2(πk/8)− 1)+ ǫ.
For b ≥ 6 and k = 1 or 3, |ǫ/(b tan2(πk/8))| < 0.49, so the bounds
in Lemma 5(a) apply and we have
ǫ4
4b2 tan7(πk/8)
− ǫ
5
4b3 tan7(πk/8)
(13)
< 4
(
a1a
2
2 − b
)√
a1a22b−
{
4b2 tan(πk/8)
(
tan2 (πk/8)− 1)
+2bǫ
3 tan2(πk/8)− 1
tan(πk/8)
+
ǫ2
2
3 tan2(πk/8) + 1
tan3(πk/8)
− ǫ
3
4b
tan2(πk/8) + 1
tan5(πk/8)
}
<
ǫ4
4b2 tan5(πk/8)
.(14)
So, from (12) and (13), and since the left-hand side of (13) is non-
negative,
−4a2
(
a1a
2
2 − b
)√
a1b+
(
a1a
2
2 + b
)2
< b2
(
sec4(kπ/8)− (4 tan3(kπ/8)− 4 tan(kπ/8)))
+ 2bǫ
(
sec2(kπ/8)− 3 tan
2(kπ/8)− 1
tan(kπ/8)
)
+
ǫ2
2
2 tan3(kπ/8)− 3 tan2(kπ/8)− 1
tan3(kπ/8)
+
ǫ3
4b
tan2(kπ/8) + 1
tan5(kπ/8)
(15)
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and from (12) and (14),
4a2
(
a1a
2
2 − b
)√
a1b+
(
a1a
2
2 + b
)2
< b2
(
sec4(kπ/8) +
(
4 tan3(kπ/8)− 4 tan(kπ/8)))
+2bǫ
(
sec2(kπ/8) +
3 tan2(kπ/8)− 1
tan(kπ/8)
)
+
ǫ2
2
2 tan3(kπ/8) + 3 tan2(kπ/8) + 1
tan3(kπ/8)
− ǫ
3
4b
tan2(kπ/8) + 1
tan5(kπ/8)
.
+
ǫ4
4b2 tan5(πk/8)
.(16)
5.2.1. k = 1. For k = 1 and b ≥ 6, a1a22 − b = b (tan2(π/8)− 1) + ǫ =
−0.8284 . . . b + ǫ < 0. Therefore, by substituting k = 1 into (15) and
evaluating the trigonometric functions, we obtain the upper bound
max
∣∣∣−4a2 (a1a22 − b)√a1b± (a1a22 + b)2∣∣∣
= −4a2
(
a1a
2
2 − b
)√
a1b+
(
a1a
2
2 + b
)2
< b2
(
2.7451 . . .+
4.6862 . . . ǫ
b
− 9.6568 . . . ǫ
2
b2
+
24.0208 . . . ǫ3
b3
)
.(17)
If ǫ ≤ 0, then (17) is at most 2.7451 . . . b2. For 6 ≤ b ≤ 8, ǫ < 0 and
for b = 9, ǫ = 0.4558 . . ., so for ǫ > 0, we may assume b ≥ 9. Now
4.6862 . . . (ǫ/b) − 9.6568 . . . (ǫ/b)2 + 24.0208 . . . (ǫ/b)3 < 0.23465 . . . for
ǫ/b < 0.5/9 and hence the expression in (17) is at most 2.9798b2. Thus
(18) max
∣∣∣−4a2 (a1a22 − b)√a1b± (a1a22 + b)2∣∣∣ < 2.9798b2,
We turn now to the minimum. As above and applying (16), we have
min
∣∣∣−4a2 (a1a22 − b)√a1b± (a1a22 + b)2∣∣∣
< ǫ2
(
11.6568 . . .− 24.0208 . . . ǫ
b
+
20.503 . . . ǫ2
b2
)
.(19)
If ǫ > 0, then (19) is at most 11.6568 . . . ǫ2. As mentioned above,
ǫ < 0 for b = 6, 7, 8 and b ≥ 12. Calculating (19) directly for b = 6, 7
and 8 and bounding it below by ǫ > −0.5 for b ≥ 12, we find that (19)
is at most 12.83ǫ2. Hence, from Lemmas 3(a) and 4(a),
E >
|g|Nd,4
D42a21
√
a1b · 12.83ǫ2
>
N
63.55ǫ2
and
Q <
D4
|g|Nd,42a
2
1
√
a1b · 2.9798b2 < 14.76b
2
N .
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Finally, we determine an upper bound for c.
4
√
|2t| (|γ|+ |σ(γ)|) CnQ
(
max
(
E, 5
√
|2t|
∣∣∣1− (η/σ(η))m/n∣∣∣ |β − αγ|CnE))κ
< 8
√
2a1b
√
a21a
2
2 + a1b 4.9 · 106
14.76b2
N
×
(
5
√
2a1b
2.6|ǫ|
b
√
a1b
∣∣∣a1a2 +√−a1b∣∣∣ ∣∣∣1− i tan(π
8
)∣∣∣ 4.9 · 106 N
63.55ǫ2
)κ
<
8.2 · 108a1b5/2
√
a1a22 + b
N
(
1.54 · 106a3/21
√
a1a
2
2 + b
N
|ǫ|
)κ
<
9.1 · 108a1b3
N
(
1.71 · 106a3/21 b1/2N
|ǫ|
)κ
,
since a1a
2
2 + b = b sec
2(π/8) + ǫ < 1.223b for b ≥ 6 and using (11).
From a1 ≤ a1a22 = b tan2(π/8) + ǫ < 0.223b for b ≥ 6, we have
c <
2.1 · 108b4
N
(
182, 000b2N
|ǫ|
)κ
.
The continued-fraction expansion of tan2(π/8) is
[
0, 5, 1, 4
]
. Using
computation for small q and the fact that
(20)
1
(ai+1 + 2) q
2
i
<
∣∣∣∣α− piqi
∣∣∣∣ ,
where ai+1 is the i + 1-st partial fraction in the continued-fraction
expansion of α while pi/qi is the i-th convergent, we find that |ǫ| >
1/(6b). Furthermore, since κ > 1 and N ≤ 8, have
c < 3b
(
9 · 106b3)κ+1 .
5.2.2. k = 3. Here we proceed in essentially the same way as for k = 1,
so we leave out many of the details. By (15) and (16), we have
max
∣∣∣−4a2 (a1a22 − b)√a1b± (a1a22 + b)2∣∣∣(21)
= 4a2
(
a1a
2
2 − b
)√
a1b+
(
a1a
2
2 + b
)2
< 94.54b2 and
min
∣∣∣−4a2 (a1a22 − b)√a1b± (a1a22 + b)2∣∣∣ < 0.3442ǫ2.(22)
Hence, from Lemmas 3(a) and 4(a),
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E >
|g|Nd,4
D42a21
√
a1b · 0.3442ǫ2
>
N
1.705ǫ2
,
Q <
D4
|g|Nd,42a
2
1
√
a1b · 94.54b2 < 468.3b
2
N and
c < (b/5)
(
3 · 1011b3)κ+1 .
6. Proof of Theorem 4
We apply Theorem 1 with n = 5, t = −a1b, z = a1a2, β =√
t
(
z +
√
t
)
, γ = z +
√
t and η =
√
t
(
z −√t)n.
6.1. Choice of z. Again, the argument here is essentially the same as
that used for the choice of z for Theorem 3. For b ≥ 13, we have
(23)
∣∣∣(η/σ(η))1/5 − 1∣∣∣ < 1.1|ǫ|
b
.
6.2. Application of Theorem 1. Here u1 = 2a
3
1b (5a
2
1a
4
2 − 10a1a22b+ b2)
and u21 − u22t = 4 |η|2 = 4a61b (a1a22 + b)5, so
u1 ±
√
u21 − u22t
2a31
√
b
=
(
5
(
a1a
2
2 − b
)2 − 4b2)√b± (a1a22 + b)2√a1a22 + b.
We have(
5
(
a1a
2
2 − b
)2 − 4b2)√b+ (a1a22 + b)2√a1a22 + b
< 2b5/2 sec5(2πk/5) + 5b3/2ǫ sec3(2πk/5) + b1/2ǫ2
(
5 +
15 sec(2πk/5)
8
)
+
5ǫ3
16b1/2 sec(2πk/5)
+
ǫ5
16b5/2 sec5(2πk/5)
(24)
and (
a1a
2
2 + b
)2√
a1a22 + b−
(
5
(
a1a
2
2 − b
)2 − 4b2)√b
< b1/2ǫ2
(
5− 15 sec(2πk/5)
8
)
− 5ǫ
3
16b1/2 sec(2πk/5)
+
ǫ4
16b3/2 sec3(2πk/5)
+
ǫ5
16b5/2 sec5(2πk/5)
+
ǫ6
16b7/2 sec7(2πk/5)
.(25)
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6.2.1. k = 1. Applying the upper bound in (24), for b ≥ 13, we have
max
∣∣∣∣(5 (a1a22 − b)2 − 4b2)√b± (a1a22 + b)2
√
a1a22 + b
∣∣∣∣
< b5/2
(
709.77 . . .+
169.44 . . . ǫ
b
+
11.067 . . . ǫ2
b2
+
0.096 . . . ǫ3
b3
+
0.0001 . . . ǫ5
b5
)
< 716.4b5/2.
Similarly, applying the upper bound in (25),
min
∣∣∣∣(5 (a1a22 − b)2 − 4b2)√b± (a1a22 + b)2
√
a1a22 + b
∣∣∣∣
< b1/2ǫ2
(
1.0677 . . .+
0.0966 . . . ǫ
b
+
0.0002 . . . ǫ3
b3
)
< 1.072b1/2ǫ2.
Hence, from Lemmas 3(b) and 4(b),
E >
|g|Nd,5
D52a31b1/2 · 1.072b1/2ǫ2
>
N
8.44b1/2ǫ2
,
Q <
D5
|g|Nd,52a
3
1b
1/2 · 716.4b5/2 < 5640b
5/2
N and
c < (b/4000)
(
8 · 1014b3)κ+1 .
6.2.2. k = 2. As with k = 1, for b ≥ 13, we find that
max
∣∣∣∣(5 (a1a22 − b)2 − 4b2)√b± (a1a22 + b)2
√
a1a22 + b
∣∣∣∣
< b5/2
(
5.77 . . .+
9.442 . . . ǫ
b
+
2.682 . . . ǫ2
b2
+
0.252 . . . ǫ3
b3
+
0.021 . . . ǫ5
b5
)
< 6.131b5/2,
min
∣∣∣∣(5 (a1a22 − b)2 − 4b2)√b± (a1a22 + b)2
√
a1a22 + b
∣∣∣∣
< b1/2ǫ2
(
7.3176 . . .+
0.2528 . . . ǫ
b
+
0.02166 . . . ǫ3
b3
)
< 7.328b1/2ǫ2.
Hence, from Lemmas 3(b) and 4(b),
E >
|g|Nd,5
D52a31b1/2 · 7.328b1/2ǫ2
>
Nd,5
57.68b1/2ǫ2
,
Q <
D5
|g|Nd,52a
3
1b
1/2 · 6.131b5/2 < 48.26b
5/2
N and
c < (b/40000)
(
8 · 1014b3)κ+1 .
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7. Larger n
7.1. Analysis. We can attempt the same proof for larger values of n.
For n = 6, we just miss obtaining a theorem similar to Theorems 3
and 4. For k = 1 (the only k we need consider for n = 6),
max


∣∣∣∣∣∣
u1 ±
√
u21 − u2
√
t
g
∣∣∣∣∣∣

 < b32 sec6 ( π
12
)
,
min


∣∣∣∣∣∣
u1 ±
√
u21 − u2
√
t
g
∣∣∣∣∣∣

 < 67.18bǫ2.
Since tan2(π/12) = 1/(7 + 4
√
3) is a quadratic irrational, |ǫ| > c1/b
for all positive integers, b. So even in the very best cases,
κ =
3 log(b) + c2
log(b) + c3
,
where 3c3 < c2 and hence κ > 3.
Similarly, for larger values of n, we obtain
max


∣∣∣∣∣∣
u1 ±
√
u21 − u2
√
t
g
∣∣∣∣∣∣

 < bn/2c4(n)
min


∣∣∣∣∣∣
u1 ±
√
u21 − u2
√
t
g
∣∣∣∣∣∣

 < bn/2−2ǫ2c5(n).
From Roth’s theorem [5], |ǫ| < |b|−1−δ can only occur finitely often
for any δ > 0, so as b grows, κ approaches n/(8− n). Hence, for each
n ≥ 7, there are at most finitely many algebraic numbers of the above
form for which we can improve on Liouville’s irrationality measure.
For n ≥ 9, matters are even worse, since n/2 − 2 > 2, so, with at
most finitely many exceptions, we will not have E > 1 and be unable
to obtain any irrationality measure from the hypergeometric method.
7.2. Search Details. The algebraic numbers in Theorem 5 were found
by a computer search. The main idea behind the search is that η/σ(η)
must be near 1 in order for us to be able to successfully apply the
hypergeometric method. This condition is the same as saying that
η− σ(η) = √tFn,t(z) is small. That is, we choose z near a root of Fn,t.
So for each 7 ≤ n ≤ 50, our search was structured as follows.
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(i) for each positive square-free integer −1000 ≤ t ≤ −1, and each
integer z from minFn,t(α)=0
(√|t|α− 10) to maxFn,t(α)=0 (√|t|α + 10),
apply Theorem 1 to find values of κ < φ(n)− 1.
For smaller values of t, we observe that since z is close to
√|t| tan(θ)
(for θ as in Lemma 1), z2/|t| must be close to tan2(θ). As discussed in
the previous subsection, for larger n we need the best approximations;
and these come from the continued-fraction expansion of tan2(θ). If
p/q is a convergent in the continued-fraction expansion of tan2(θ) and
we write p = p1 · p22 where p1 is a square-free integer, then we can put
z = p1p2 and t = −p1q.
(ii) apply Theorem 1 to t and z obtained from the first 20 convergents
in the continued-fraction expansion of the appropriate tan2(θ)’s.
The algebraic numbers in Theorem 5 were found from step (i). No
further examples were found although there were some near misses.
The above calculations were performed using PARI (version 2.3.3).
8. Proof of Theorem 5
We will go through the details of the proof of (5), identifying key
quantities as we go along and then specifying the values of these quan-
tities for each of the remaining inequalities.
8.1. Proof of (5). We put u1 = 2
7 ·13 ·194 ·43, u2 = −27 ·194, m = 1,
n = 7, t = −19, z = 19, β = √t (z +√t) and γ = z + √t. We have
η =
√
t
(
z −√t)n and
η
σ(η)
=
156231− 559√−19
156250
.
Since we are using the principal branch when taking the n-th roots,(
156231− 559√−19
156250
)1/7
=
19−√−19
19 +
√−19e
πi/7.
Thus we can apply Lemma 2 with ℓ = 1, finding that α =
√
19 tan(10π/7).
8.2. Application of Theorem 1. Here g1 = 2
7 · 194 and g2 = 1.
Since (u1 − u2) /g1 ≡ 0 mod 2 and t ≡ 1 mod 4, we have g3 = 1. Hence
g = 27 · 194, d = u22t/g2 = −19 and N19,7 = 1. Also
min
(∣∣∣∣u1 ±
√
u21 − u22t
∣∣∣∣
)
= 27 · 194
(
−13 · 43 + 2 · 53
√
5
)
and
max
(∣∣∣∣u1 ±
√
u21 − u22t
∣∣∣∣
)
= 27 · 194
(
13 · 43 + 2 · 53
√
5
)
.
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Thus, from Lemma 3(c),
E =
|g|N19,7
D7min
(∣∣∣u1 ±√u21 − u22t∣∣∣) = 11.188347 . . . ,
Q =
D7
|g|N19,7 max
(∣∣∣∣u1 ±
√
u21 − u22t
∣∣∣∣
)
= 5879.998902 . . . .
So
κ =
logQ
logE
<
log 5880
log 11.18834
< 3.59411,
and
4
√
38 (|γ|+ |σ(γ)|) C7Q
×
(
max
(
E, 5
√
38
∣∣1− (η/σ(η))1/7∣∣ |β − αγ|C7E))κ < 7 · 1068.
Therefore, we can let c = 1069.
8.3. Improved Constant. By increasing κ slightly, we can signifi-
cantly reduce the size of c, as in the proof of Corollary 2.2 of [7].
We used Maple 8 to calculate the firstN = 24, 000 partial fractions in
the continued-fraction expansion of
√
19 tan(10π/7). This calculation
took 4750 seconds on a PC with an Intel Core i7-3630QM CPU running
at 2.40 GHz. The denominator of the N = 24, 000-th convergent is
greater than Q0 = 10
12000 and for all q with |q| > Q0,
10−69
|q|4.59411 >
0.09
|q|4.6 .
The largest partial fraction found for
√
19 tan(10π/7) was a1311 =
21, 976. Applying this to (20), (5) holds for |q| ≥ Q1 = 19 > (0.09 ·
(21976 + 2))(1/2.6). A direct check for all |q| < Q1 completes the proof.
8.4. Proof of (6)–(8). As stated above, we proceed in the same way
as for the proof of (5) using the values in the accompanying table.
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(6) (7) (8)
n 7 7 13
t −39 −77 −7
z 3 11 7
u1 2
7 · 34 · 13 · 71 −24 · 72 · 114 · 167 −213 · 77 · 181
u2 −27 · 34 24 · 114 −213 · 77
η/σ(η)
32765− 71√−39
32768
4782958− 1169√−77
4782969
16377 + 181
√−7
16384
ℓ 5 3 3
g1 2
7 · 34 24 · 113 213 · 77
g2 13 7 1
g3 1 2 1
d −3 −22 −7
Nd,n 1 1 1
E 32.450014 . . . 75.606150 . . . 5.673393 . . .
Q 2692.736355 . . . 46008.438040 . . . 3300.065595 . . .
κ 2.27 2.4822 4.6675
c 7 · 1048 2 · 1054 3 · 1086
N 10, 000 14, 000 14, 000
time(seconds) 430 980 1030
Q0 10
5000 107000 107000
max ai a4021 = 14, 265 a9118 = 21, 118 a2404 = 303, 427
Q1 37 17 11
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